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Starting from an intrinsic Langevin equation, we give a geometrical derivation
of the Fokker-Planck equation. We also present a method for obtaining a
stationary distribution and for deriving potential conditions when the diffusion
matrix is singular.
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1. INTRODUCTION

For many years efforts have been devoted to finding a covariant for-
mulation of the Fokker-Planck equation (FPE) and to applying it to
physical systems."""'? Clearly, the principle of covariance affirms that all
physical laws can be written by means of equations that maintain their
form with respect to general transformations of coordinates.

Another equivalent, although more powerful formulation than the
covariant one is the intrinsic formulation. An equation is intrinsic when it
is completely independent of the coordinate systems, so any property that
may be deduced from an intrinsic equation represents the physical reality
in any coordinate system. Recently, an intrinsic formulation of the
Fokker—Planck equation has been obtained.

Our aim in this paper is to perform a geometrical (ie., intrinsic)

! Departament de Fisica Téorica, 08028 Barcelona, Universitat de Barcelona, Spain.
2 Present Address: Institute for Non-Linear Science, University of California—San Diego, La
Jolla, California 92093.

233

0022-4715/87/0100-0233805.00/0 © 1987 Plenum Publishing Corporation



234 Masoliver, Garrido, and Liosa

derivation of the Fokker-Planck equation from the Langevin equation. In
this way we arrive at a FPE written in a different intrinsic notation than
that used in Ref. 13: it has the additional advantage that one need not
select a metric tensor of phase space.’ This intrinsic Fokker-Planck
equation also gives a systematic method of finding the stationary dis-
tribution when detailed balance is present but the diffusion matrix is
singular.!'%

In Section 2 we give the geometrical derivation of the FPE starting
from the Langevin equation and using functional techniques.**!®" In Sec-
tion 3 we find the stationary distribution generalizing the potential con-
ditions for those cases in which the diffusion matrix is singular and we
apply the method to practical examples of physical interest.

2. GEOMETRICAL DERIVATION OF THE FOKKER-PLANCK
EQUATION

We begin with the Langevin equation:

§" = f*(q) + gi(q) £ (1) (2.1)

(with implied summation over repeated indices). This equation gives the
temporal evolution of the trajectories ¢*(¢), u=1,.., n, of the ensemble of
gross variables. The functions E4(t), k =1,..., m, are fluctuating functions in
time and their statistical properties are known. For certain initial con-
ditions, g4 = ¢*(0). The solution of (2.1), q(z, &), is a well-defined stochastic
processes, and for each realization of &(¢) the solution of (2.1) yields a well-
defined trajectory in phase space.'®!"'®) The Langevin equation is a
covariant equation, since under a general change of coordinates the
magnitudes ¢*, f* g% transform into contravariant vectors.**’ Now our
first step is to write Eq. (2.1) in an intrinsic form.

Let M be the phase space of the system that has the structure of a dif-
ferentiable manifold of # dimensions, and let 7(M) be the space of the vec-
tor fields tangent to the manifold M."?) From the Langevin equation (2.1)
we define the following fields of vectors tangent to M:

F=f"q)-d/éq",  FeT(M) (2.2a)
G.=gi(q) 0/og",  G,eT(M) (2.2b)
X, =¢"- 8/0g", X,e T(M) (2.2¢)

3 The selection of metric tensor is not unique. Usually the diffusion matrix is chosen as the
metric tensor of the phase space.!*2%57%!3) This choice restricts the formalism to non-
singular diffusion matrices. This does not happen here, where that selection is not necessary.
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These vector fields do not depend on the system of gross variables (they are
intrinsic). Introducing Egs. (2.2) into Eq. (2.1), we have

Xo=F+ G &), k=1,.,m (2.3)
Defining the tangent field X'e T(R x M) by
X=06/0t+ ¢" d/cq" (2.4)
we find that the Langevin equation (2.3) becomes
X=0/0t+ F+G.E1), k=1,.,m (2.5)

which is completely independent of the chosen system of gross variables.

As is well known, if the noise functions £*(¢) are Gaussian and delta-
correlated (white noise), the Langevin equation is stochastically equivalent
to the Fokker-Planck equation for the probability density.* Therefore, our
next step will be to carry out a geometrical derivation of the FPE starting
from the intrinsic Langevin equation with white noise and using functional
methods.

Let® ¢*(4; 5, o; [£]) be the solution of Eq. (2.5) with the deter-
ministic initial conditions

9*(103 10, 905 [E1) = g8 (2.6)

The integral curves of the Langevin equation generate a transformation
R x M that we can write in the form

V.0 RxM->RxM
(to, 4o) = ¥ (205 qo; [E])
where (7, q5; [£]) is the point

Yo(tos 905 [E1) = (v + 1o, §(1; 19, qo; [£]))

in the extended phase space R x M.

If A(RxM) is the space of the forms defined in RxM," the
reciprocal image ¥ associated with (2.6) is the mapping that turns forms
defined in the point ¥.(¢,, q,) into forms defined in the point (z,, g,),"”

(2.7)

yr
ARX M) a0 Tw—_*’ ARX M)y 15,00

“In what follows we will assume the Stratonovich interpretation rule®?®! for the stochastic
integrals.
3By [£] we mean the functional dependences on the noise &4(r).
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Let
p(q, 1) =0"(q—&(1; 19, 495 [£])) (2.3)

be the density of points belonging to the trajectories of the Langevin
equation. We define the n-form number of points

N=plg, t)dg* » -+ A dg"e A"(Rx M) (2.9)
(the symbol A denotes the exterior product®®). The (n+ 1)-form
Q=N A dt (2.10)

represents the number of points located between q and q+ dq during the
time interval (z, f+dt). After a certain time interval t, these points will
evolve, following (2.6), toward ¥.(z,q). Then the form @ ,, becomes
Y* . [2.,)] Assuming the conservation of the number of points, we have

W’ir[Qu,q)] :‘Q\lfr(hq)

that is,
lim lVtr[g(m)] “‘Qtl/z(t,q) _

-0 T

0

The left-hand side of this equation is the Lie derivative of the form € in the
direction of the vector field X,*®) so we have the conservation equation

Ly2=0 (2.11)

which, taking account the linearity of the Lie derivative, can be written in
the form [see Eq. (2.5)]:

Ly 2+ LpQ+ Ly, £2=0 (2.12)
However (see Appendix A),
Le,@ = L, (£Q) (2.13)
Introducing (2.13) into (2.12) and averaging over all noises &*(¢), we get
Lo+ LR+ L 2> =0 (2.14)
where
(Q>=(3(a— 0t 10, 40; [E)> dg' A -+ Adg" ndi  (2.15)

is the (n+ 1)-form of probability.
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For Gaussian white noise we show in Appendix A that
1.
N Q)= —55”‘ L 2> (2.16)
where 67 is the Kronecker symbol. Substitution of Eq. (2.16) in Eq. (2.14)

yields
L.
Lojal8) + L) —5 0" Lo Lg{Q2)=0 A(2.17)

Finally, defining the a-form of probability
O=(N>={p(q,)>dg" » -+ Adg"=P(q,t)dg"' » -~ Adg" (2.18)

we can write Eq. (2.17) as (see Appendix A)
. 1.
= »LFH+§ 57* L Lg 1 (2.19)

which is the intrinsic Fokker—Planck equation (in the sense of
Stratonovich).””’ Note that to arrive to this equation it has not been
necessary to define any metric tensor in the manifold M.°

By means of the relation

Ly=diy+iyd (2.20)

where d is the exterior derivative and 7, is the interior product associated
to the field X,""*?" and by taking into account that

dll=0 (2.21)

(since IT is an n-form or an n-manifold M??), we can write Eq. (2.19) as a
continuity equation:

IH+dlr=0 (2.22)

where the (n— 1)-form given by
.
= iFIY—E 0™ ig (L dT) (2.23)

[Fe A"~ (M)] is the probability current.

® This agrees with the fact that the FPE does not depend on any metric structure of the phase
space, since the FPE may be viewed as a continuity equation which involves only the
definition of the volume element of the phase space.
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3. STATIONARY DISTRIBUTION

For the stationary case we have
I,=0 (3.1)
which, when introduced in Eq. (2.22), implies
dl',=0 (3.2)

A particular solution is that corresponding to vanishing probability current
(the potential case)"**?);

1
S 6% ig L d1,=0 (3.3)

FstziFHst_z

As is well known, if the drift and the diffusion matrix (which has to be
nonsingular) satisfy certain relations called potential conditions, then the
probability current vanishes for all points in the phase space and the
stationary distribution may be written in a closed form."*?? We will study
that case by using the formalism presented here. First, we must find the
conditions under which Eq. (3.3) has nontrivial solutions.

Since L, Il is an n-form, it can be expressed as

LGkHs{Zik(q) Hst: k=1,...,m (34)

where 4,(q) are k functions on the phase space. Introducing (3.4) into
Eq. (3.3), we arrive, after some manipulations, at

inly,=0 (3.5)
where the field H is given by
1 m
HEF—E Zl /{(q) G, (3.6)
i
Equation (3.5) implies
1 m
HEF-E Y, (q)G,=0 (3.7)
j=1

Therefore, the following are the conditions for Eq. (3.3) to have a solution:

(i) The vector field F must depend linearly on G,,.., G,,; ie., there
must be m functions 4,(q),..., 4,,(q) such that:

1

F=1 % 16, (38)
j=1

(S]]
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(ii) The solution /7, of Eq. (3.3) must then satisfy the m (partial dif-
ferential} equations

LGkHSt:)"k(q) HSU k: 13"'9m (39)

where the A(q) are precisely the coefficients on the right-hand side of
Eq. (3.8). In every system of gross variables Eq. (3.9) reads [cf. (2.18) and
Appendix A

a M
_t P(q) N [dgk(q)

3 o ik(q)} P, (q)=0, k=1,.,m {3.10)

Equation (3.9) or (3.10) is a first-order partial differential system, the
integrability conditions of which turn out to be a straight consequence of
the Frobenius theorem. Thus the system (3.9) [or (3.10)] is integrable if it
is complete, i.e., if the set of vector fields” {G,, a=1,.., m} is closed under
the Lie bracket(>?®

[G..Gs]1=Cis(q) G, o fB,y=1,.,m (3.11)
where [G,, Gp]=G,G5— GG, is the Lie bracket and Clyq) are real
functions. If the set {G,, a=1,..,m} is not closed under the Lie bracket,
we have to extend the set by those Lie brackets [G,, G,]1, i, j=1,..., m, that
do not depend linearly on Gy,..., G,,. This extension is shown in Appen-
dix B.

In what follows we assume that the system

Lo My=2,00,, oa=1.,m (3.12)

is complete (or that it has been completed). The integrability conditions of
(3.12) are those derived by applying the identity®®

[Le,, Loy]=Ligoc, (3.13)

to the system itself. Using Eq. (3.11), we obtain the integrability conditions
for (3.12) as

Ly, Hy=(Gdp—Gpdy) 1T (3.14)
which in every system of gross variables is
0C4(q) d24(q)
¢ aff B
gy (q) g+ T Clp(q) 1,(q) — g4(q) 3"
04,(9)
+ g4(q) 3" =0, o, f=1,.,m (3.15)

where the C7,(q) are given by Eq. (3.11).

7 We assume that the noise vector fields G, are linearly independent.

822/46/1-2-16



240 Masoliver, Garrido, and Liosa

Therefore, if the vector fields F and G, satisfy the conditions given by
Egs. (3.8) and (3.14) [or (3.15)], then we have zero probability current
and the stationary distribution is the solution of Eq. (3.9) [or (3.10)].

In the special case m = n (equal number of independent noise functions
and gross variables, which implies a nonsingular diffusion matrix), the con-
dition (3.8) is automatically fulfilled and the system (3.9) is itself complete.
In this case the so-called potential conditions can be derived, after some
manipulations, from Eq. (3.15). Thus, we may view Eq. (3.15) as a
generalization of the potential conditions when the diffusion matrix is
singular. For m =1 (a unique noise function), Eqs. (3.8) and (3.9} become,
respectively,

F-—-%ft(q) G (3.16)

and
Lolly=Aq) T (3.17)

the latter being a first-order partial differential equation, which is always
integrable.

As an example, we will apply the formalism hitherto studied to two-
dimensional Langevin equations, which are relevant in the study of non-
linear optics.

A simple model to study optical bistability®**’ consists of an ensemble
of homogeneous two-level atoms interacting with an electromagnetic field.
This system is described by coupled Maxwell-Bloch equations in the
rotating-wave approximation. These equations involve the internal electric
field amplitude, the polarization of the medium, and the inversion
density.®> Neglecting the spatial variation of the field amplitudes and
assuming that the atomic response to the electromagnetic field is very fast,
one can make the adiabatic approximation,®®’ which leads to a single first-
order equation for the electromagnetic field. When the frequencies of the
empty resonator, the two-level system, and the driving field are very similar
and the exterior pumping term is negligible, the equation for the elec-
tromagnetic field is?%?7)

+

N E
)+F Ot el (18

Et=—E*{1+1

(14
where E* is the complex field amplitude and I is a real parameter. F* (1)
and I'(¢) are fluctuating forces that in first approximation are assumed to
be white Gaussian noise; the fluctuations of the polarization and of the
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field are included in F*(z). The I'(¢) takes account of the inversion fluc-
tuations.

Following Schenzle and Brand,?® if we neglect the fluctuation of the
polarization and of the field, we obtain a two-dimensional Langevin
equation with pure multiplicative fluctuations:

+

1
1+|E12>+1+|E|2

Et=—E* <1 +I? I(1) (3.19)
In fact, Schenzle and Brand go one step further, assuming that the field
intensity |E|? is small and expanding the saturation term up to first order
in the field intensity. After neglecting higher order terms in the fluctuations,
the final result is

Et=—(14+I)E*+ I |E>E* + E* (1) (3.20)

This latter equation is a model for the laser transition with pure mul-
tiplicative inversion fluctuations. If we assume that the inversion fluc-
tuations I(¢) are real, we can write Egs. (3.19) and (3.20) in a slightly more
general form:

. b z
z—*(a+1+lz|2)z+1+‘z|2£(t) (3.21)
and
= (x—p|z|?) 2+ 2¢(1) (3.22)

where z represents the complex field amplitude, a, b, o, f, 720 are real
parameters, and &(¢) is a real, Gaussian white noise.®

Putting z = x, + ix,, we find that Eqgs. (3.21) and (3.22) are equivalent
to the equations

X
——1+Xf+—x3>x”+mé(t)’ w=lz o (5)

)'cl,:<a+
and
X, =ox,— f(x?+x3) x,+ x,E(1), u=172 (3.24)

In both cases there are fewer noise functions than gross variables.**'* This
yields singular diffusion matrices and the notmal procedure for finding

8 Equation (3.22) also represents a suitable model for subharmonic generation, parametric
three-wave mixing, and Raman scattering, as well as autocatalytic reactions.®®



242 Masoliver, Garrido, and Liosa

stationary distributions, via potential conditions, does not work. However,
in these cases we can apply the method developed here.

If we start with Eq. (3.23), the drift and the noise vector fields are [cf.
Eq. (2.21)]

b J i
S M, | V. 2
F <a+ 1 +x%+x§>(xl 0x; T 6x2> (3.25)

1 0 0
G=— (o s .
14+ x}+x3 (xl @x1+x2 0x2> (3:26)

The first compatibility condition, Eq. (3.16), is obviously satisfied because
the drift vector is proportional to the noise vector, their ratio being

Mxy, x3)= =2[b+a(l +x3+x3)] (3.27)

In this particular gross variable system the stationary distribution can be
written as

Hst:Pst(xl, xZ) dxl A dXZ (328)

which, introduced into Eq. (3.17) along with Egs. (3.25) and (3.26), gives
[ef. Eq. (3.10)]

opP P, [ 2

X, —+x —_
1 2 2 2
14+ x7+ x5

— “(1+xf+x§)/1(xl,x2)] P,=0 (3.29)
0x, 0x,

whose general solution 1s

1+]2)2

1
Psl(z)zN(argz)TW—bmexp [—z|2<2a+b+§a lZ|2>:| (330)

Doing an analogous calculation, we find the stationary distribution for
the model represented by Eq. (3.22). The final result is

Py(z)= N(arg z) IZi“"leXp<—§(Z|2”’> (3.31)

In these expressions N(arg z) is an arbitrary function of arg z to be deter-
mined by suitable boundary conditions and by the normalization of the
stationary distribution.
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4. CONCLUSION

From an intrinsic viewpoint, the dynamic evolution of a stochastic
system that satisfies a Langevin equation is determined by the integral cur-
ves of an intrinsic field defined by

X=0/0t+ F+ (1) G, (4.1)

where F and G, are defined by Egs. (2.2). Nevertheless, the final state is
not determined, since the evolution does not take place following a simple
trajectory, but rather by means of an ensemble of trajectories, each one
corresponding to a concrete realization of the noise. We should point out
that this formalism can also facilitate the systematic study of the invariants
and symmetries of the stochastic process, sine a time-independent tensor T
is invariant under the dynamic evolution of the system (i.e., invariant under
a group of transformations generated by the field X'*)) if, and only if, the
following m + 1 (partial differential) equations hold*’:

L,T=0; LyT=0, k=1.,m (4.2)

These equations allows us to know, in each concrete case, whether or not
there exist invariants of the stochastic process and to determine them.

In the case of Gaussian white noise the intrinsic Langevin
equation (4.1) is stochastically equivalent to the intrinsic Fokker—Planck
equation:

. .
M= —Lpll+58"Lg LIl (4.3)

where IT= P(q, 1) dg" A -+ A dq" is the n-form of probability. To arrive at
this equation, we have not had to define any kind of metric tensor in the
phase space.

Finally, we have also found that if the vector fields F and G, satisfy
the conditions:

1

v FZZ/

4(q) G, (4.4)

1

I3

(i) The system
LG,Hst:;La(q) Hsl (45)

is complete (or it has been complete), then the solution I7, of Eq. (4.5) is
the stationary distribution of the Fokker—Planck equation (4.3) such that
the associated probability current vanishes everywhere. This method
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generalizes the potential conditions, because it can be used even though the
diffusion matrix is singular. In this case, the method provides a systematic
way of finding the stationary distribution when, as often happens, it is not
trivial to find it by inspection of the Fokker—Planck equation.

APPENDIX A

A1l. Derivation of Eq. (2.13)

If fis a function, Xe T(M), and aec A(M), we have the following
property of the Lie derivative®"):

Lyo=fLyo+df niya

In our case
Leg, = ékLGkQ + dEx A i, 2 (A.1)

Taking into account (2.10) and the fact that the interior product i, is an
antiderivation, '’ we have

i6,Q=ig (N Adi)=(ig,N) A di+(~1)"N A (ig, di)

However, d¢*=E*dt; ig dt=0 (since G, is independent of time); and
dt A dt = 0; therefore

dE A i, Q=0 (A2)
On the other hand"?)
L (E*Q) =8 L Q+ (G L) Q=L Q2 (A3)
since G, &% =0 because £ = £*(¢). Substitution of (A.3) and (A.2) into (A.1)
gives Eq. (2.13).

A2. Derivation of Eq. (2.16)

If the noises ¢%(t) are Gaussian of zero mean, we may apply the
Novikov theorem

(&0 Q) = [ dr <0 &) ORSEN)) (A4)

{the symbol “6” here denotes functional derivative). In the case of white
noise

o) e)y =" ot 1) (A.5)
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Introducing (A.5) in (A.4) and applying the Stratonovich prescription over
the integration of the Dirac function in the semi-interval,®®’ we have
1
<€k(t)9>=§ (0R/5¢ (1)) (A.6)
From Egs. (3.8)-(2.10) we deduce

56(1; 9o, 103 [£])
oL/(t')
On the other hand, the formal solution of the Langevin equation (2.1)
can be written in the form

0Q() 3 {.
5E() aq“{‘5 @-¢)

}qu/\ o Adgt A de

(140, 10; [ED) = g6 + J: dr [f*(§(s)) + £5(s) gh(d(s))]

Taking the derivative of this equation gives (0 <t <1):

of(1) co0 Koy o 0"(s)
S~ SN + | dis s L) + 259 g0 5575
and therefore
opr(r)
55,([)—gj(¢(t))
whence
Q) a 5 o )
0 —W[g_,(Q) "(q—¢)ldg A - Adg" A dt

and Eq. (A.6) becomes

(012> = =5 0% L a0 Tdg* n oo n g i
but®
5—27 [2i(a)<0"(@— )1 da* A - A dg" A di=Lo(@Y
Therefore

() @) = — 3 6% Lo ()

which is Eq. (2.16).
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A3. Derivation of Eq. (2.19)

Considering %2V

Ly=di_+i.d

where d is the exterior derivative and iy is the inner product associated to
the field X, we have

Lo Q> = (digjo,+ injo, YT A dt) =iz {dIT) A di = H A di
Equation (2.17) becomes
. 1.
[17+ Ll +3 6 LGALGAHJ Adi=0
That is
. 1.
I+ LIl 456" L Lo, TT=0

since F and G, are time-independent and I7 does not contain 4.

A4. Derivation of Eq. (3.10)
From Eq. (2.18) we have

Lo 1y =Lg[Py(q)dg' A -+ A dg"]
=[Lg Pu(q)1dg" A - Adg"+ Py(q)

LZ dg' n - A (Lg dg*) n - /\dq":l

(here we do not sum over repeated indices). But®®!

Py(q)

L, Py(a) =G (Py(q) Z gk(q o
a=1

and
dg' A - A (Lg, dg*) A -+ A dg”

=dg' A /\(Z Z%dq") A dg"

_ Ok
0g”

dg* A - Adgt A - A dgT
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(since dg” A dg” =0). Thus

n aPS n agl "
LGkHst:[: Z (g,f 6q“l>+PS‘ < Z 6q§>] dg' A -+ A dg

a=1 =1

and Eq. (3.9) becomes

n an n a a
5 <gz aq;>+Ps‘< y ai’;):zkpst, k=1,.,m

a=1 =1

which is Eq. (3.10).

APPENDIX B. COMPLETION OF THE SYSTEM (3.9)

If the set of noise vector fields {G;; i=1,.., m} is not closed under the
Lie bracket, we may proceed as follows:

1. We first look for the minimal extension of the set of vector fields
{G;i=1,.., m} such that the final set is closed under the Lie bracket. This
extended set will be denoted by

(G, a=1.,r}, n=r>=m

under the conditions that (a) G,=G,, i=1,.,m, and (b) there exist
functions C7; such that

[Ga,é,,];—é;,géy; o, f,y=1,.,r

The latter extension can be obtained by supplementing the primary set
{G,,i=1,.., m} by those Lie brackets [G,, G,1,i, j=1,.,m, that do not
depend linearly on G,,..., G,,.

If after this first extension the resulting set G,..., G,,,, Gm+ Lyeres Gﬂ was
not closed under the Lie bracket, we would repeat the process as many
times as necessary.** Note that since the phase space is finite-dimensional
(n), this interaction process necessarily ends with r<n.

2. The complete set corresponding to (3.9) has the final form

Lo =2(q)1; a=1.,r

with G, = G, and 7,(q) = 4,(q) for i =1,..., m; and since the remaining vector
fields o=m + 1,..., r have the form

Gal = [Gi’ G;]
G:xz: I:Gh [Gja Gk:!]s i’j’k:}“lr"’ ni; a19a2:m+17---7r
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and so on, the corresponding functions 7.(q) (x=m+1,.,r) must
therefore be taken such that

20 =Gih,— G4,

7= G,G di— GG hy— G,Ghi+ GG,

and so on.
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